
N U M E R I C A L  M E T H O D  O F  S O L V I N G  A C E R T A I N  P R O B L E M  

ON C O N V E C T I V E  D I F F U S I O N  IN A M O V I N G  L I Q U I D  

Z h .  N.  K u d r y a s h e v a  UDC 532.696:51.8.5 

A numerica l  method of solving a sys tem of two second-order  parabolic part ial  differential 
equations describing the diffusion of mat te r  in a moving liquid is described.  

1.  F o r m u l a t i o n  o f  t h e  P r o b l e m  

We consider  the following problem on convective diffusion in a moving liquid medium: the concentrat ion 
of conservat ive impurit ies (ions of Na, C1, and so on) equals zero at the initial moment  of time t = t o along 
a segment  of length l of a channel along which a liquid is flowing f rom left to right; on the left boundary of the 
segment  there is a cer ta in  source  of contamination which introduces into the moving liquid impuri t ies  of con- 
centrat ion S 1. Given sources  of contamination, each with its own mode of operat ion,  are  p resc r ibed  along the 
entire length of the segment.  We assume that on the right boundary of the segment the impuri ty concentrat ion 
reaches the value S 2. It is required to determine the impurity content at t ime t along the entire length of the 
segment.  This problem is descr ibed by a sys tem of equations consisting of the St. Venant equations and 
equations of convective-diffusion type: 

Ow OQ ,-S- + & = p (x. 0, (1.1) 
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together  with the conditions 
s x=O = s1 (t), y ix-o = y l  (t), 

s i x=z = $2 (t), y :x=l = Y~ (t), 

(1.4) 

(1.5) 

S t=o = So (x), ~ it=o = Yo (x). (1 .6 )  

We note that problems of this sor t  a re  encountered in the study of the motion of conservat ive impurit ies in 
r ive r  sys tems .  Thus, the System of equations (1.1)- (1.3) forms an essent ial  part  of the mathemat ical  model 
of water quality developed by Vasi l 'ev [1]. In o rde r  to descr ibe  the p rocesses  occur r ing  in the water  medium 
due to the dumping into it of industrial  and domestic effluents, this model utilizes the St. Venant equations and 
equations describing the balance of the various impuri t ies ,  oxygen, and heat. As a resul t ,  this model permi ts  
determination of the content of the various impuri t ies ,  oxygen, and heat along the entire length of the r iver  
sys tem at any moment of t ime as a function of the hydrologic conditions of the r iver  sys tem and for any sources  
of contamination. 

In the p resen t  paper  we investigate the quality of the water in a flow sys tem using the chamber  model,  
a simplification of the model of [1]. Essent ia l ly ,  in the chamber  model the r ive r  or  r ive r  sys tem is divided 
up into individual chambers  (parts of the r ive r  channel) in which all the charac te r i s t i c s  of the flow and of the 
quality of the water are  taken to be constant.  The chamber  model has been used [2,5-7] to calculate the hydro-  
logic charac te r i s t i c s  of r ive r s .  We shall utilize the chamber  model to calculate the motion of impurit ies in 
water.  Like Vas i l ' ev ' s  model [1], the chamber  model is one-dimensional .  
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Fig .  1. P ropa ga t i on  of  con tamina t ion  f r o m  a s ingle  cont inuous ly  ac t ing  s o u r c e  [1) 
t = 10; 2) 2O; 3) 3O; 4) 4O; 5) 5O; 6) 6O]. 

F ig .  2. Contamina t ion  wave f r o m  s o u r c e  ope ra t i ng  fo r  a s h o r t  t ime  [1) t = 10; 2) 
20; 3) 30; 4) 50; 5) 70; 6) 80]. 

We c a r r y  out a few manipu la t ions  on Eqs .  (1 .1)-  (1.3) con t r ad ic t ing  the s ense  of  the  p r o b l e m :  expand the 
d i f fe ren t ia t ion  o p e r a t o r s  on the left  s ide  of  (1.2) and se t  the ine r t i a l  t e r m s  av /0 t ,  v 0 v / a x  equal  to z e r o  (we 
a s s u m e  that  they a re  s m a l l  f o r  the p l a i n s - t ype  r i v e r s  that  we sha l l  be cons ide r ing) .  Then ,  u t i l iz ing the cont i -  
nui ty  equat ion aw/0 t  + OQ/0x = p ,  we obtain in p lace  of (t .1)-(1.3) a s y s t e m  of equat ions  of the f o r m  

~+aQ 

V o y i  Oy Q = - - ~  (x, y) ~-x sign 0~-' 

as @ Q OS O ( Ew sign -Og- . OS ) 
w o~- Ox Ox Ox O--~ + f ( x , t )  

(I .7) 

(Ls) 

( 1 . 9 )  

with the s a m e  boundary  condi t ions  as  be fo r e .  H e r e  ~ = cwR 1/2, and as in [1] we take  the coef f ic ien t  of longi-  
tudinal  d i s p e r s i o n  E in the f o r m  E = a R v c  - i ,  where  a = cons t .  In the fu tu re ,  ins tead  of the Ch~zy coef f ic ien t  
c ,  we sha l l  use  the S t r i c k l e r  r oughnes s  coef f ic ien t  k g iven  by c = kR 1/s. 

2 D e s c r i p t i o n  o f  t h e  N u m e r i c a l  M e t h o d  

We c o n s i d e r  the s y s t e m  of equat ions  (1.7)- (1.9) in the reg ion  D = (0 <- x _< l, 0 < t -< T) with g iven ini t ial  
and boundary  condi t ions  (1.4)-(1.6).  Equat ion (1.1) has been s tudied by Bak lanovskaya  and Cheche l '  [2], who 
d e s c r i b e d  a n u m e r i c a l  me thod  of comput ing  the app rox ima te  so lu t ion  and who showed that  the l a t t e r  c o n v e r g e d  
toward  the exac t  solut ion when the n u m b e r  of  s teps  in x and in t was a l lowed to i n c r e a s e  without l imit .  F o r  
Eq.  (1.1) we sha l l  employ  the s a m e  s c h e m e  as  in [2]; f o r  Eq.  (1.3) we sha l l  u t i l ize  an impl ic i t  s c h e m e  of  the 
f i r s t  o r d e r  of  a c c u r a c y  in x and t ,  namely ,  we divide the inves t iga ted  s t r e t c h  of  r i v e r  into c h a m b e r s  and num-  
b e r  t hem going d o w n s t r e a m .  Let  h i be the length of the i - th  c h a m b e r  (i = 1 , 2 , . . .  ,N) and ~, the s t ep  in t ime ,  
i . e . ,  t n = nT. The d i f f e rence  equat ions  c o r r e s p o n d i n g  to s y s t e m  (1.7)-(1.9) we wr i te  in the f o r m  

w ~ +  1 - -  w i~ 1 
Qi~+,) ' T = ~ -  (Qi~ + ~-" '-- p~+l (x, t), (2.1) 

~ i  ) S~Y7 • ~ ' s ign(yi--yi) ,  (2.2) 
QT/ ' = (•7+' +2 ""=' |: --u"+'lhi 

(S~+~ _ S7 ) ($7+~ _ 87=,) ,~S.+'~ ~, - -  87+~ ) 
, n+l 

hi hi 

( t i n , , + ' '  q;~+' ,~.~- n __ S,~+,, ) a ,~+, -- ) ($72 ,' - -  $7+') ((P7 +' + v i - , ,  ($7 :-' ~-i,  fT+ i (z, l), (2.3) 
= h~-. 2 h~ 2 hl + 

where  y = 1, 6 = 0, i f  s ign  0y /0x  = + 1 and y = 0, 6 = 1, if s ign  Oy/0x = 1; Q~ is the amount  of wa te r  pas s ing  

at t ime  t n f r o m  c h a m b e r  j to c h a m b e r  i; gain +1 = a R i ( n + l ) 5 / 6 Q i n + l k i - 1 ;  a = 2 0 . 2  "3600~- .  The boundary  c o n -  
dit ions a r e  app rox ima ted  in the fol lowing manne r :  
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Fig.  3. P r o p a g a t i o n  of  con tamina t ion  f r o m  two 
s o u r c e s  [1) t = 1; 2) 3; 3) 10 ;4 )  30; 5) 50], t ,  
h; x ,  km;  S, m g / l i t e r .  

Y,o = go (Xav), Sio = So (xav), xi_~ ~ Xav ~< xi, 

gz,~ = Y, (t.), S.~ = S~ if,O, 

gx. = Y~ (t . ) ,  SN~ = S~ ( t . ) .  

We c o n s i d e r  a r i v e r  with a r e c t a n g u l a r  channel ,  so  that  

= ~ (~  -- Y~), R7 = w7 (~i + 2 [y~ -- y~si]) -1 �9 

Sys tem (2.1)-(2.3) is so lved in the fol lowing m a n n e r :  f i r s t ,  yi  n +1 is found f r o m  the f i r s t  equat ion (Qij n +l is 
d e t e r m i n e d  in the p r o c e s s ) ,  then the t h i rd  equat ion with coef f ic ien ts  taken f r o m  the (n + l ) - t h  sheet  is so lved .  
We ci te  the a l g o r i t h m  fo r  ca lcu la t ing  Si n + l  where  the e x p r e s s i o n  fo r  Qij n +1 is  l i nea r i zed  as  in [2]: 

n OQts yn(gT+ , 0Q,t . (y~+l__y~) ,  (2.4) QTs +' = % + ~ - YT) + Oy, y 

o0~s_o.5  0 r  . . ( * ~ • 1 6 2  sign (gj -- y~) �9 . (2.5) 
oys oy~ V hi - 4 V~l/-Ibs--c-~A 

Inse r t i ng  e x p r e s s i o n s  (2.4)-(2.5) into Eq.  (1.7) g ives  an equat ion fo r  yi n +l:  

A. .+~ - -  C.~+l  B..-~I __Fi ' (2.6) ~ i - - I  ~z~i -if- t :~ i - - I  = 

where  the coef f ic ien ts  have the f o r m  

oQu§ I aQu_ l  
A i == �9 : B~ = "r 

Og~+ 1 J g~' Og~_~ g~' 

( OQii---'---!-I OQii+l '); 
Oy~, , :yn' 

Af te r  s o m e  s t r a i g h t f o r w a r d  manipula t ions  Eq.  (2.3) can be b rought  to a s i m i l a r  equat ion:  

AiS2;  - Cs~ +' + B~ST+, ' = - C ,  
w h e r e  

"TL.--,' - 
A; = . 

B ; =  h~ 2 

(~'~w + ~i~,)"+~ 1 i ~ l  l+ l  

7 

(2.7) 

(2.8) 

(2.9) 

C~ = w ~ + '  §  +B~, F~ = --wi'+iSn - -  [ 7 + 1 ~ ' i  

Both equat ions  (2.6) and (2.8) a r e  so lved  independent ly  by the sweep method  with sweep coef f i c ien t s  ca lcu la ted  
in the usua l  m a n n e r  (see [4], fo r  example) .  It is  shown in [2] tha t  the sweep method  f o r  Eq.  (2.6) is s tab le .  It 
fol lows f r o m  the f o r m  of (2 .9 ) tha t  the condi t ions  f o r  s tab i l i ty  of  the sweep A '  i _>0, B '  i ->0, C '  i >-A' i + B '  i a r e  
a l so  sa t i s f i ed  fo r  Eq.  (2.8). 
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3 .  S o l u t i o n  o f  P r o b l e m  b y  M e t h o d  D e s c r i b e d  A b o v e  

We c o n s i d e r  t h r e e  t y p e s  of  p r o b l e m  on w a t e r  qua l i ty  f o r  the  s a m e  h y d r o l o g i c  d a t a  in  e a c h  c a s e :  width  
of  r i v e r  c o n s t a n t  ~i = 300 m;  l eng th  of r i v e r  l = 1500 kin;  v a r i a t i o n  with  x of  he igh t  of r i v e r  bed  Y3 = 6 ( / - -x ) / -~ ;  
w a t e r  l e v e l  a t  i n i t i a l  m o m e n t  of  t i m e  y0 = (y3+ 3) m,  w a t e r l e v e l  a t  l e f t  end Yl = 9 m;  at  the  r i g h t  end w a t e r  l e v e l  
i s  a l s o  c o n s t a n t  Y2 = 3 m ,  a l though  the  d e s c r i b e d  m e t h o d  can  be  u s e d  to s o l v e  the  qua l i t y  p r o b l e m  when the  
r i v e r  i s  in  a s t a t e  of  f lood;  r o u g h n e s s  c o e f f i c i e n t  k = 1 2 0 . 1 0 3  m l / 3 / h .  S i m i l a r  h y d r o l o g i c  da t a  w e r e  c o n s i d e r e d  
in  [3]. 

P r o b l e m  1. At  the  l e f t  b o u n d a r y  (x = 0) of  the  s e g m e n t  of the  r i v e r  t h e r e  i s  a s o u r c e  of c o n t a m i n a t i o n  r e l e a s -  
ing c o n t i n u o u s l y  in to  the  w a t e r  an i m p u r i t y  wi th  c o n c e n t r a t i o n  S1 = 100 m g / l i t e r ;  a t  the  r i g h t  b o u n d a r y  we a s -  
s u m e  tha t  the  i m p u r i t y  c o n c e n t r a t i o n  S i x  = l = 0; a t  the  i n i t i a l  m o m e n t  of t i m e  o v e r  the  e n t i r e  s t r e t c h  of  r i v e r  
we have  S i t  =0 = 0. T h e r e  a r e  no m o r e  s o u r c e s  of  c o n t a m i n a t i o n .  

P r o b l e m  2. A s o u r c e  l o c a t e d  at  the  l e f t  b o u n d a r y  i n t r o d u c e s  c o n t a m i n a t i o n  up to a t i m e  t = 12 h,  S It<~2 = 
100 m g / l i t e r ,  a f t e r  which  i t  c e a s e s  to o p e r a t e  Sl t>12 = 0; a s  b e f o r e ,  S I x = l  = 0, S i t =  0 = 0, f i (x ,  t ) =  0. 

P r o b l e m  3. A s o u r c e  a t  the  l e f t  b o u n d a r y  o p e r a t e s  con t inuous ly :  S i x =  0 = 100 m g / l i t e r ,  S i x  = l = 0, 
S i t  =0 -- 0; a t  a d i s t a n c e  of  60 km t h e r e  i s  a n o t h e r  s o u r c e  tha t  dumps  into the  w a t e r  a t  t i m e  t = 0.1 h i m p u r i t y  
of  c o n c e n t r a t i o n  Six = ~0 = 80 m g / l i t e r .  

F o r  a l l  t h e s e  p r o b l e m s  the  c o m p u t a t i o n  was  c a r r i e d  out  with a c o n s t a n t  s t e p  in  the  t i m e  of �9 = 0.1 h and 
a c o n s t a n t  s t e p  in d i s t a n c e  of h = 600 m .  F i g u r e  1 shows  the  func t ion  S(x , t )  a t  v a r i o u s  m o m e n t s  of  t i m e  fo r  
P r o b l e m  1. It can  be s e e n  tha t  the  f ron t  of  the  c o n t a m i n a t i o n  wave  p r o p a g a t e s  a s  a s t e p  with  a w e [ l - d e f i n e d  
s h a p e  due to the  f ac t  tha t  the  d i f fu s ion  t e r m  8(Ew ~S/Ox)/Ox i s  s m a l l  c o m p a r e d  with the  t e r m  d e s c r i b i n g  h y d r o -  
d y n a m i c  t r a n s p o r t  Q a S / S x .  The  e f fec t  of  d i f fu s ion  shows  up,  h o w e v e r ,  in the  s m e a r i n g  out of the f ron t  of the  
c o n t a m i n a t i o n  wave  with  t i m e .  The  con t inuous  r e l e a s e  of c o n t a m i n a n t  of c o n c e n t r a t i o n  S~ by a s o u r c e  l o c a t e d  
a t  the  le f t  b o u n d a r y  r e s u l t s ,  even  a f t e r  only  t = 40 h,  in the  i m p u r i t y  c o n c e n t r a t i o n  at  a d i s t a n c e  of  48 km 
be ing  equa l  o r  a p p r o x i m a t e l y  equa l  to tha t  a t  the  po in t  of  i n t r o d u c t i o n .  

F i g u r e  2 shows  the  d e p e n d e n c e  o f  S(x , t )  on d i s t a n c e  f o r  v a r i o u s  f ixed  m o m e n t s  of  t i m e  f o r  P r o b l e m  2. 
Up to a t i m e  t = 12 h the  g r a p h  i s  the  s a m e  as  f o r  the  f i r s t  p r o b l e m ,  but  even  at  t = 20 h the  p i c t u r e  has  
changed  g r e a t l y :  the  g r a p h  of c o n c e n t r a t i o n  has  a s a w t o o t h  s h a p e ,  and  the  c o n c e n t r a t i o n  a t  the  top  of the " tee th"  
does  no t  r e a c h  the  va lue  S~ but  r a p i d l y  d e c r e a s e s  with t i m e .  The  c o n t a m i n a t i o n  wave e v e n t u a l l y  c o m p l e t e l y  
l e a v e s  the  i n v e s t i g a t e d  zone .  

F i g u r e  3 i l l u s t r a t e s  P r o b l e m  3, the  p r o p a g a t i o n  of c o n t a m i n a t i o n  in  the  c a s e  of two s o u r c e s .  The  fac t  
t ha t  the  s e c o n d  s o u r c e  o p e r a t e s  only  once  and i s  l o c a t e d  f a r  f r o m  the f i r s t  (at a d i s t a n c e  of 60 km) has  the  
e f fec t  tha t  t he  c o n t a m i n a t i o n s  f r o m  t h e s e  s o u r c e s  a r e  not  s u p e r p o s e d  on e a c h  o t h e r ;  the  p r o g r e s s  of the  c o n t a -  
m i n a t i o n  f r o m  each  of  the  s o u r c e s  can  be c l e a r l y  fo l lowed .  

N O T A T I O N  

S , x , t ,  i m p u r i t y  c o n c e n t r a t i o n ,  d i s t a n c e  a long  r i v e r ,  and t i m e ,  r e s p e c t i v e l y ;  Q , w , v ,  w a t e r  f low r a t e ,  
c r o s s - s e c t i o n e d  a r e a  of r i v e r ,  and  m e a n  v e l o c i t y  of f low,  r e s p e c t i v e l y ;  y , R ,  l i n e - o f - s i g h t  w a t e r  l eve l  and 
h y d r a u l i c  r a d i u s ;  c ,  E ,  Ch~zy c o e f f i c i e n t  and c o e f f i c i e n t  of l ong i t ud ina l  d i s p e r s i o n ;  p ,  f ,  o n - r o u t e  inf lux of 
w a t e r  p e r  uni t  l ength  and s t r e n g t h  of s o u r c e  of c o n t a m i n a t i o n ;  Y3, fi, o r d i n a t e  of  r i v e r  bo t tom and ~4dth of 
r i v e r  channe l ;  g ,  a c c e l e r a t i o n  due to  g r a v i t y .  
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